John C.Baez reinterpreted 2-dimensional and 3-dimensional topological quantum field theories (abbreviated as 2-TQFT and 3-TQFT) in "A prehistory of n-categorical physics"[JC11]. Inspired by his idea, this paper utilizes cochains to prove some properties of 2-TQFT and 3-TQFT. We also prove that cochains form an A∞ algebra under certain conditions.
Definition 2.3 Let k be a field. An A ∞ −algebra over k is a Z-graded vector space A = p∈Z A p endowed with graded maps m n : A ⊗n → A, n ≥ 1, of degree 2 − n satisfying the following relations
• m 1 m 1 = 0, i.e.(A, m 1 ) is a differential complex.
• m 1 m 2 = m 2 (m 1 ⊗ 1 + 1 ⊗ m 1 ), here 1 denotes the identity map of the space A.
• m 2 (1 ⊗ m 2 − m 2 ⊗ 1) = m 1 m 3 + m 3 (m 1 ⊗ 1 ⊗ 1 + 1 ⊗ m 1 ⊗ 1 + 1 ⊗ 1 ⊗ m 1 ).
• More generally, for n ≥ 1, (−1) r+st m u (1 ⊗r ⊗ m s ⊗ 1 ⊗t ) = 0, where n = r + s + t and u = r + 1 + t.
Note that when these formulas are applied to elements, additional signs appear because of the Koszul sign rule: (f ⊗ g)(x ⊗ y) = (−1) |g||x| f (x) ⊗ g(y), where f , g are graded maps, x, y homogeneous elements and the vertical bars denote the degree. For example, (m 1 ⊗ 1 + 1 ⊗ m 1 )(x ⊗ y) = m 1 (x) ⊗ y + (−1) |x| x ⊗ m 1 (y) [Kel01] .
Definition 2.4 A 2-morphism is a higher morphism between ordinary 1-morphisms.
Cochains in 2-TQFT
Given a 2-dimensional cobordism M, we triangulate the cobordism M and take the P oincaré dual of the triangulation as follows: drawing a vertex in the center of each triangle of original triangulation; drawing an edge crossing each edge of the original triangulation [JC11] . 
triangulation of a square
Given a square (0123) labelled by e 01 = i, e 12 = l, e 23 = k, e 03 = j, there are two different ways of triangulation:
Taking the P oincaré dual of the triangulation, one can get an associator between two different tensor products of state spaces. The associator called a splitting 2-2 move is H(m * , j
, we glue the boundary of two squares of (2). Therefore we get a tetrahedron labelled by S 4
[0123] and its dual tetrahedron labelled by S * 4 Figure 1 . The left and right squares of (2) are the front and back of the tetrahedron S 4 . We calculate a splitting 2-2 move in details. Since the definition of state space, Hom(j
is the boundary of (0
, where −j * means taking opposite orientation of j * . We get Hom(j
From the calculations above, a splitting 2-2 move is an isomorphism. Then we compute the coefficients of the isomorphism. A tetrahedron labelled by S 4 has four 2-dimensional faces, six 1-dimensional faces, and four 0-dimensional faces. The chain complex of S 4 with coefficients in G is:
The tetrahedron S 4 and 2-dimensional sphere S 2 are homotopy equivalence. Therefore the homology group is
Taking opposite state space of (2), we can obtain a fusion 2-2 move, i.e.
Similar to a splitting 2-2 move, one can prove a fusion 2-2 move.
triangulation of a triangle
Given a triangle (123) labelled by T (k, m, l), we can triangulate the triangle (123) into three triangles:
, or we can do nothing shown in (4). Taking the P oincaré dual of the triangulation, we can get an associator between two different tensor products of the state spaces. The associator called a splitting 1-3 move is H(k
Next we focus on the case
. We conclude that a splitting 1-3 move is an isomorphism, whose coefficients is the same with 2-2 move.
Taking opposite state space of (4), we can obtain a fusion 1-3 move, i.e.
. Similar to a splitting 1-3 move, one can prove a fusion 1-3 move.
triangulation of cylinder
Considering the simplest triangulated cylinder, we draw the P oincaré dual of the cylinder shown in Figure 2 . In order to explain more explicitly, one can cut the cylinder into a rectangle, remembering 
. Taking opposite state space of H(i * , j * ), we glue the boundary of the two cylinders in (5). Then two cylinders become a torus labelled by T .
becomes 1-cochains in a torus T * , which is also the boundary of T * , therefore relation (5) is an isomorphism. Since one do not triangulate the rectangle on the right hand side of (5), i * = j * . Then
the relation with A ∞ algebra
Assume that a fusion 2-2 move is Hom(l
• Define m 1 to be the coboundary map δ. For example,
• m 2 : C *
• m 3 :
Let α be a 2-chain (012) labelled by T (l, n, i). Let β be a 2-chain (023) labelled by T (k, j, n). Supposing that the orientation of α + β is counterclockwise, we can get ∂ 2 (α + β) = i + l + k − j. Next we verify the relations in definition 2.3 Since δ is the coboundary map, one can get m 1 m 1 = δδ = 0.
algebra is an algebra associative up to a given system of higher homotopies. There may be some negative or positive signs in the summand of m u (1 ⊗r ⊗ m s ⊗ 1 ⊗t ). So we take a negative sign in the summand
We conclude that A ∞ algebra is (C * , δ, m 2 , m 3 ) in this case. We can also reinterpret a fusion 1-3 move Hom(k
The left hand side of a fusion 1-3 move is:
Here we insert an unit object C, which splits into two objects.
Cochains in 3-TQFT
Triangulating a 3-dimensional cobordism M , there are 2-3 move and 1-4 move from the triangulation. The 2-3 move lets us transform two tetrahedron attached along a triangle into three sharing an edge, or vice versa. The 1-4 move lets us split one tetrahedron into four, or vice versa. One can interpret 2-3 move as the pentagon identity shown in figure 3 [JC11] .
Given a pentagon (01234) labelled by e 01 = d, e 12 = c, e 23 = b, e 34 = a, e 04 = e, there are five different ways of triangulation. Taking the P oincaré dual of the pentagon, there are five different tensor products of opposite state spaces. We focus on the associative law in figure 3.
Since that an isomorphism between two pentagons in neighbor is an 2-2 move, a fusion (or splitting) 2-3 move is a 2-morphism which from two fusion (or splitting) 2-2 moves to three fusion (or splitting) 2-2 moves. Let id
